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HIGH RESOLUTION POWER SPECTRA OF DAILY ZURINCH SUNSPOT NUMBERS 
SUMMARY 
High r e s o l u t i o n  power s p e c t r a  of 77 years  of d a i l y  Zurich sunspot 
numbers were computed using var ious  maximum lags  and data p o i n t  i n t e r v a l s .  
Major harmonic peaks of the  124-month per iod showed up s t rong ly .  
monics of the 27-day s o l a r  r o t a t i o n a l  per iod were a l s o  p re sen t  on the 
s p e c t r a l  p l o t s .  
Har- 
I. INTRODUCTION 
Sunspots were f i rs t  observed by Ga l i l eo  i n  1610. Through h i s  
newly cons t ruc ted  te lescope ,  Gal i leo  watched the  behavior of dark s p o t s  
on t h e  solar d i s k ,  drew p i c t u r e s  of them, and noted t h e i r  motion ac ross  
the s o l a r  d i s k  w i t h  d a i l y  changes i n  number. Then, f o r  over two hundred 
years  t he re  w a s  l i t t l e  i n t e r e s t  i n  sunspot  numbers. I n  1818, observers  
aga in  began count ing and recording sunspot  numbers, bu t  even then on 
an i r r e g u l a r  b a s i s .  A continuous record was no t  begun u n t i l  1848 when 
Rudolf Wolf of the Swiss Federa l  Observatory i n  Zurich,  Switzer land,  
began record ing  r e l a t i v e  sunspot  numbers on a d a i l y  b a s i s .  Wolf 
developed the fol lowing formula f o r  c a l c u l a t i n g  r e l a t i v e  sunspot  numbers: 
R = k( l0g  + f )  
where R is the  r e l a t i v e  d a i l y  sunspot  number, k is a s c a l e  f a c t o r  u sua l ly  
l e s s  than 1.0, g is the number of i s o l a t e d  c l u s t e r  groups,  and f is the  
number of i nd iv idua l  observable spots on the  v i s i b l e  s o l a r  d i sk .  
From incomplete records l e f t  by previous observers ,  Wolf w a s  a b l e  
t o  e s t ima te  yea r ly  sunspot  numbers as f a r  back as 1700 and monthly 
va lues  as f a r  back as 1749. The recording of sunspot  numbers was con- 
tinued a f t e r  Wolf by Wolfer, Brunner, and Waldmeier. A t  p r e sen t ,  we 
have d a i l y  Zurich sunspot  numbers on a computer tape from January 1, 
1890, through Dec. 31, 1971. The data used i n  t h i s  a n a l y s i s ,  a r e  
t h e  d a i l y ,  monthly, and smoothed q u a r t e r l y  sunspot  numbers a r e  l i s t e d  
i n  the  l i t e r a t u r e  by Waldmeier [ 13. 
Provis iona l  Zurich sunspot  numbers are dependent upon observa t ions  
a t  the  Zurich Observatory and its s t a t i o n s  a t  LaCarno and Arosa. These 
numbers a r e  compiled by M. Waldmeier of the  Swiss Federa l  Observatory i n  
Zurich and are d i s t r i b u t e d  monthly. 
compares the r e s u l t s  of h i s  t h r e e  obse rva to r i e s  w i th  r e p o r t s  s e n t  t o  
him during the  year  from o the r  obse rva to r i e s .  Af t e r  a f e w  months of 
the  new year ,  Zurich Observatory personnel revise t h e i r  p rov i s iona l  
va lues  and i s sue  f i n a l  d a i l y  Zurich sunspot  numbers f o r  the  previous 
year .  
A t  t he  end of the yea r ,  Waldmeier 
I n  1843, Schwabe not iced  a n  average 11-year per iod appearing i n  
sunspot  data .  
s t u d i e s  s i n c e  Schwabe's d i scovery ,  few e f f o r t s  have y i e lded  accura te  
long-range p red ic t ions .  I n  t h i s  ediport, w e  w i l l  examine high r e s o l u t i o n  
power Spectra computed from sunspot  da t a .  These r e s u l t s  are intended 
t o  be combined w i t h  o the r  s t u d i e s  t o  a i d  s o l a r  a c t i v i t y  p red ic t ions .  
Although the re  have been many sunspot  numbers p r e d i c t  i on  
11. POWER SPECTRAL DENSITY FORMULAS 
The power s p e c t r a l  d e n s i t y  func t ion  P(w) is t h e  F o u r i e r  t ransform 
of the  a u t o c o r r e l a t i o n  func t ion  R(z). 
J 
-00 
Since the a u t o c o r r e l a t i o n  func t ion  R(T)  is even, 
CQ - iwz 
P(w) = 2 1  R(z) e d7. 
0 
We then us e t h e  cos ine  transform, where 
P(w) = 2 r R ( r )  COS (UT) dz. 
0 
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The Four ie r  transform of a func t ion  is the i n t e g r a l  of the product 
of that func t ion  times an  exponent ia l .  One s p e c i a l  case of the Fourier  
trarrsfnm, is  power spectra where the transformed func t ion  is the  auto-  
c o r r e l a t i o n  func t ion .  
form and symbol f o r  t he  au tocor re l a t ion  func t ion ,  var ious symbols and 
no ta t ions  a r e  used i n  the  l i t e r a t u r e .  Here we w i l l  use a no ta t ion  as 
used i n  sane computer programs. An au tocor re l a t ion  is a c o r r e l a t i o n  of 
one d a t a  po in t  of a s e r i e s  w i t h  another d a t a  po in t  of the  same s e r i e s  
a t  an i n t e r v a l  of time l a t e r .  
Although a s t a t i s t i c i a n  would recommend a s tandard 
The autocovariance func t ion  C(L) is computed and then divided by 
the  va r i ance  t o  g ive  the  normalized a u t o c o r r e l a t i o n  func t ion .  The auto-  
covariance C(L) is 
where the  mean va lue  
p u t a t i o n  and L = l ag  number = 0, 1, 2,  ..., M<<N, M = maximum number 
of l ags  used beyond which the  au tocor re l a t ion  func t ion  is t runcated 
i n  the  i n t e g r a l  summation approximation f o r  the power s p e c t r a ,  n = 
data p o i n t  number = 1, 2, 3, ..., N, N = t o t a l  number of d a t a  po in t s  
used. 
was  subt rac ted  from each d a t a  po in t  before  com- 
When L = 0,  
N- 0 - ;t)(X, - 3 = - 1
N C(0) = - N - 0  
n=l  
(xn - f12 = var iance  = 02, 
n=l  
(5) 
where the  va r i ance  is a measure of the v a r i a b i l i t y  of the d a t a .  Then 
the  normalized a u t o c o r r e l a t i o n  func t ion  R(L) is the  covariance divided 
by the  var iance  : 
For example, when the l a g  L = 0, the  normalized a u t o c o r r e l a t i o n  is 1: 
I n t e g r a t i n g  equat ion  (2a) by the  t rapezoid  summation method , we 
o b t a i n  the r a w  power l i n e  spectrum P(k):  
P(k)  = 2At [R(O) + 2 R(L) COS (2riLk/ZM) + ( - l )kR(M) 
L= l  
where k i s  the  harmonic number. 
Since the  numerical  procedures and d a t a  bo th  con ta in  e r r o r s ,  the  
l i n e  s p e c t r a  e s t ima tes  are averaged over a few p o i n t s ,  using the fol low- 
ing  Hanning method t o  g ive  the  smooth s p e c t r a .  
For the  f i r s t  p o i n t  of l i n e  s p e c t r a ,  we use the  s i m p l e  average of 
t he  f i r s t  two po in t s .  
- 
P(0) = .5 P ( 0 )  + .5 P(1).  (9) 
For the  non-end po in t s  of l i n e  s p e c t r a ,  we use a s imple three-poin t  
average w i t h  end po in t s  given half weight.  
where k = 1, 2, ..., M - 1. 
For the l as t  po in t  of l i n e  s p e c t r a ,  we use the  s imple average of 
the  last two poin ts .  
- 
P(M) = .5 P(M - 1) + .5 P(M). (11) 
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111. POWER SPECTRA PERIOD 
The x-axis on the  power s p e c t r a  p l o t s  w a s  o r i g i n a l l y  i n  u n i t s  of 
harmonic number k which w a s  then converted t o  per iod by the fol lowing 
equat ion:  
2MAt per iod = -k y  
where M is the  maximum number of lags  used, and A t  is the  time i n t e r v a l  
between d a t a  po in t s .  Increas ing  M increases  the l eng th  of the au to-  
c o r r e l a t i o n  func t ion  used and a l s o  increases  the r e s o l u t i o n  of the 
lower f requencies .  
I V .  POWER SPECTRA INTERPRETATION 
Care must be exerc ised  i n  the i n t e r p r e t a t i o n  of t h e  power s p e c t r a  
r e s u l t s .  
peaks that are no t  r e a l l y  p re sen t .  For t h i s  reason ,  power s p e c t r a  a r e  
u s u a l l y  averaged over a few po in t s  and smoothed. 
may s t i l l  be present .  Only when the amplitude exceeds the no i se  l e v e l  
of bo th  the d a t a  and the numerical eva lua t ion  procedure w i l l  a peak be 
s i g n i f i c a n t .  
Present  methods of numerical eva lua t ion  may produce " fa l se"  
Even then, f a l s e  peaks 
Sometimes a three-poin t  z igzag of the power s p e c t r a  may only i n d i c a t e  
numerical  e r r o r s  i n  the  programmethods o r  random e r r o r s  i n  the  data. A 
s i g n i f i c a n t  peak, u sua l ly  r e q u i r e s  more than th ree  o r  four  po in t s  over 
which the  s p e c t r a  inc reases  and decreases .  
V. LAGS USED 
Doubling the  maximum number of l ags  used doubles the  number of 
harmonics considered wi th  a new s e t  of harmonic numbers between the  
harmonic numbers of the  o r i g i n a l  undoubled s e t .  
w e  used a maximum l a g  number equal  t o  about  10 pe rcen t  of the  t o t a l  
number of po in t s  used. The machine time increases  r a p i d l y  above 10 
percent .  To f i n d  the  l o w  frequencies ,  we used many po in t s  and l ags .  
When the  machine time increased  s i g n i f i c a n t l y ,  we increased  our data 
i n t e r v a l ,  sk ipping  over po in t s  t o  conserve machine t i m e .  
As a r u l e  of thumb, 
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VI. RESULTS 
1. Monthly Power Spec t ra  Resul t s  
F i r s t ,  we w i l l  look a t  power s p e c t r a  of monthly Zurich sunspot  
numbers over a long time i n t e r v a l  of over 200 yea r s ,  and note  long- 
per iod  v a r i a t i o n s .  To a c c u r a t e l y  compute these  long-period v a r i a t i o n s ,  
w e  need a long t i m e  sample. F igure  l a s h m s  a log-log p l o t  of t he  smooth 
normalized power s p e c t r a  o f  monthly Zurich sunspot  numbers from January 
1749 through December 1967 us ing  500 l ags .  
peak near  125 months, t h e  second harmonic peak a t  67 months, and the  
f i f t h  harmonic peak near  26 months. These harmonic peaks of t he  so- 
c a l l e d  11-year cyc le  may be  due t o  the  nonsinusoidal  shape of most s o l a r  
cyc les .  
fundamental p lus  a few odd harmonics. From o the r  s t u d i e s  on Four i e r  
cu rve - f i t s  o f  s o l a r  cyc les ,  t h e r e  a r e  some ind ica t ions  t h a t  the  harmonic 
per iods  of the  fundamental a c t u a l l y  e x i s t  a t  least once during the  time 
i n t e r v a l  under cons idera t ion .  Although it is d i f f i c u l t  t o  d e t e c t  any 
26-month period i n  the  d a t a  l i s t i n g s ,  we can p i ck  the  extreme monthly 
va lue  of a s o l a r  cycle  and a l s o  see a l a r g e  monthly va lue  o f f  by i t s e l f  
above the smooth d a t a  about  26 months before  the  maximum and about  26 
and 52 months a f t e r  the maximum. 
Notice the  l a r g e  s p e c t r a l  
The r a p i d  r ise and slow decay can be Four ie r  c u r v e - f i t  us ing a 
Figure l b  shows the  r a w  (unsmoothed) normalized power s p e c t r a  of 
monthly Zurich sunspot  numbers from January 1749 through December 1967 
using 500 l a g s  w i t h  At = 1 month. F igure  l b  shows a major peak around 
125 months as i n  cyc les  15, 16, and 17 .  Figure l b  a l s o  shows an  ind ica-  
t i o n  of a peak near  200 months. I 
were t h a t  long, cyc le  4 had a fundamental per iod near 158 months. Figure 
l b  i n d i c a t e s  a h i n t  of a peak near  100 months. Cycles 2 and 3 had a 
fundamental per iod somewhere near  100 and 109 months, r e s p e c t i v e l y .  
Although none of the  observed cyc le s  
Figure 2 shows the smooth normalized power s p e c t r a  of d a i l y  Zurich 
sunspot  numbers from 1 January 1890 through 29 December 1967 using 486 
l ags  w i t h  At = 27 days.  The main peak is  near 3749 days,  which i s  
equal  t o  about 122.9 months. Again, we have the  f i r s t  few harmonics of 
t he  main peak to  show up. The second and t h i r d  harmonics of 3749 days 
are 1874 days and 1249 days,  r e s p e c t i v e l y .  
Figure 3 shows the smooth normalized power s p e c t r a  of d a i l y  Zurich 
sunspot  n q b e r s  from 1 January 1890 through 8 December 1967 using 162 
l ags  w i t h  A t  = 6 days. Notice the  main s o l a r  r o t a t i o n  per iod near  
27.38 days wi th  a secondary peak a t  31.86 days,  and a l s o  the  appearance 
of a period near  42 and 97 days.  We s e e  t h a t  (31.86)(3) = 95.58 and 
t h a t  t h i s  97-day peak could p o s s i b l y  be j u s t  a recur rence  of an a c t i v e  
reg ion  three  s o l a r  r o t a t i o n s  later.  The ex i s t ence  o r  nonexis tence of a 
29-day period i n  s o l a r  a c t i v i t y  d a t a  has been discussed by Shapiro and 
Ward [ 23, Bell and Defouw 31, isad othegs,  
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Figure 4 shows the  smooth norinalized power spectra of d a i l y  
Zurich sunspot  numbers from 1 January 1890 through 8 December 1967 
us ing  486 l a g s  wi th  the  d a t a  i n t e r v a l  At = 6 days,  
t h e  same inpu t  d a t a  as Figure 3 except t h a t  the  maximum number of l ags  
used is increased from 162 l ags  t o  486 l a g s  w i t h  a d a t a  i n t e r v a l  At 
remaining a t  6 days. With t h i s  increase  i n  r e s o l u t i o n ,  we n o t i c e  a 
per iod  a t  253.6 days. Note the band of power s p e c t r a  peaks between 
25 through 30 days w i t h  a major peak near  27.5 days.  
may be due t o  the s o l a r  r o t a t i o n  of a c t i v e  reg ions  a t  h igh  s o l a r  l a t i -  
tudes near  t he  beginning of a s o l a r  cyc le  wi th  the  25-day peaks due t o  
those  reg ions  a t  low l a t i t u d e s  near t he  end of a s o l a r  cycle .  I n  f i g -  
u re  4, the 29-day peak does no t  show up c l e a r l y  as a s u b s t a n t i a l  peak 
by i t s e l f .  
Figure 4 rnntaine 
The 32-day peak 
Figure 5a shows the  smooth normalized power s p e c t r a  of d a i l y  
Zurich sunspot  numbers from 1March  1954 through 1 March 1966 using 
500 l ags  w i t h  d a t a  i n t e r v a l  At = 1 day, which includes cyc le  1 9  w i t h  
p a r t  of the  beginning of cyc le  20. Notice the  twin peaks near 31.25 
and 27.77 days and the  broad f l a t  peak near  90.9 days,  and a t  41.6 days. 
I n  f i g u r e  5a, because of the low r e s o l u t i o n ,  we need to  s i t h e r  increase 
t he  l a g  number o r  i nc rease  At t o  reso lve  the 90.9-day peak. Notice the 
13.7-day per iod  near  the second harmonic of the fundamental. 
Figure 5b has the  same inpu t  data as f i g u r e  5a except  the  d a t a  
i n t e r v a l  has  been increased from At = 1 t o  At = 2. 
d a t a  i n t e r v a l ,  we were a b l e  t o  r e so lve  the  90.9-day per iod shown i n  
f i g u r e  5a. 
o t h e r  p o i n t  t o  conserve computer time. 
w i t h  a 125-day peak on t h e  l e f t  of i t  and a 74.07 day peak on t h e  r i g h t .  
Examining t h e  computer p r i n t o u t ,  we not iced  a peak a t  k = 231,  where 
the  per iod is 
By inc reas ing  t h i s  
We increased  the d a t a  i n t e r v a l  At from 1 t o  2 using every 
We now n o t i c e  a 95.23-day peak, 
When we assume t h a t  t h i s  per iod of 8.65 days is the  t h i r d  harmonic of 
t he  main r o t a t i o n a l  per iod dur ing  t h i s  time sample, the t h i r d  harmonic 
shows up as a harmonic of the  s o l a r  r o t a t i o n  frequency a t  a maximum of 
s o l a r  a c t i v i t y ,  t h a t  i s ,  a t  25.9513 = 8.65 days.  
I n  some of the  previous f igu res ,  we s a w  the  long per iod v a r i a t i o n s  
from s p e c t r a  a n a l y s i s  of long-time s e r i e s  samples .  To g e t  t he  b e s t  
r e s o l u t i o n  of the  lower f r equenc ie s ,  w e  had t o  inc rease  &he number of 
lags .  When we  used many l ags  over a long t i m e  sample, t he  computer 
time requi red  began t o  inc rease  rap$dly.  
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Therefore,  t o  save computer time, we skipped over a number of 
po in t s  i n  the  s a m p l e  using a d a t a  i n t e r v a l  At = 2, 6 ,  and 27 days. To 
o b t a i n  the h igh  f requencies  o r  s h o r t  per iods  shown on the  r ight-hand 
s i d e  of the log-log graphs i n  the next  f i g u r e ,  we need only take a s h o r t  
time i n t e r v a l  sample and use  a moderate number of l ags  of 10 ,  20, o r  30 
percent  of the t o t a l  number of po in t s  used. 
Since,  a t  h igh  f requencies ,  we a r e  us ing  r e l a t i v e l y  few p o i n t s ,  we 
can a f fo rd  t o  use  a g r e a t e r  percentage of a l a g  number ( t h a t  is, a 
g r e a t e r  percentage of the  t o t a l  number of po in t s )  wi thout  i nc reas ing  the  
machine t i m e  s i g n i f i c a n t l y .  Figure 6 shows the  smooth normalized power 
s p e c t r a  of d a i l y  Zurich sunspot  numbers from 19 January 1957 through 
11 July  1962 using 200 l ags .  The main sunspot  r o t a t i o n  per iod  was 
about  28.57 days. On the  r i g h t  s i d e  of t h i s  peak, we note  the  second 
harmonic of 13.79 days. This 27/2-day per iod could be i n t e r p r e t e d  as 
(1) a harmonic of the  fundamental r o t a t i o n a l  per iod ,  (2) a tendency 
f o r  two sunspot  groups t o  exis t  s imultaneously,  s epa ra t ed  by 180 degrees  
of s o l a r  longi tude,  o r  (3) poss ib l e  independent 13.79-day per iod w i t h  
a phase s h i f t  from the  main 28.57-day peak. 
2. I n t e r p r e t a t i o n  of Resul t s  
High r e s o l u t i o n  power s p e c t r a  of d a i l y  Zurich sunspot  numbers 
have a major peak a t  3749 days and a t  the  second, t h i r d ,  f o u r t h ,  f i f t h ,  
and s i x t h  harmonics. There is a p o s s i b i l i t y  t h a t  t hese  per iods  may no t  
be due t o  independent s i n e  wave f requencies ,  b u t  r a t h e r  t o  the non- 
s i n u s o i d a l  wave shape of sunspot  cyc les .  The per iods  centered  around 
eleven years are non-s ta t ionary  and usua l ly  change g radua l ly  from cycle  
t o  cyc le .  As expected, when we look a t  the  per iods  centered  around 
27 days,  we s e e  t h a t  time s e r i e s  samples a t  the beginning of a s o l a r  
cyc le  (when the a c t i v e  cen te r s  a r e  a t  h igh  l a t i t u d e s )  have long r o t a -  
t i o n  per iods of 32 days,  o r  more than when the  a c t i v e  cen te r s  a r e  a t  
low l a t i t u d e s  a t  the end of a cyc le  where the  r o t a t i o n a l  per iods  a r e  
l e s s  than  27 days. Power s p e c t r a  of the  r o t a t i o n a l  per iods  a l s o  show 
the presence of harmonics of the  s o l a r  r o t a t i o n a l  per iod .  
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CONCLUSION 
Although cons t an t  p e r i o d i c  v a r i a t i o n s  i n  s o l a r  a c t i v i t y  were not  
found, it appears t h a t  there i s  some evidence of sys temat ic  behavior 
o r  modulation i n  t h e  s o l a r  a c t i v e  regions.  O f  i n t e r e s t  a r e  t h e  twin 
peaks noted  n e a r  27.38 days and 31.86 days. 
i s  t h e  peak around 95 days o r  97.2 days. O f  cou r se ,  one p o s s i b l e  explana t ion  
of t h e  97.2 day per iod  i s  t h a t  it may be due t o  a r o t a t i o n  p e r i s t e n c e  
where a new h igh ly  a c t i v e  reg ion  on the  sun may cont inue  t o  e x i s t  and 
reappear over 3 s o l a r  roba t ions .  
Also of p o s s i b l e  i n t e r e s t  
9 
REFERENCES 
1. W a l d m e i e r ,  M. "The S u n s p o t  -Act iv i ty  i n  t h e  y e a r s  1610 -1960 I f  
Z u r i c h  S c h u l t h e s s  a n d  C o m p a n y ,  Z u r i c h  S w i t z e r l a n d  
Shapiro,  Ralph and Fred Ward, "Three Peaks near  27 Days i n  a High- 
Resolution Spectrum of t h e  I n t e r n a t i o n a l  Magnetic Character  F igure ,  C i " ,  
Journal of Geophysical Research, Vol. 71,  No. 9 ,  P. 2385, May 1, 1966. 
2 .  
3 .  B e l l ,  Barbara and Richard J. Defouw, t tDiscussion of Paper by M. E. 
Rassbach, A. J. Dessler, and A. G .  W. Cameron, 'The Lunar Per iod ,  t h e  
Solar  Per iod ,  and % ' I 1 ,  Journal of Geophysical Research, Vol. 71 ,  
No. 23, P. 5770, December 1, 1966. 
10 
. l000.0 
.OI000. 
. DO1 000 
.000100 
t t  
I 
0 
5: 
. .. . . 
I t- 
P E R 1 0 0  IN MONTHS 
I I---.I I 
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Figure 2 Smooth Normalized Power Spectra of Daily Zurich Sunspot Number 
from 1 January 1890 through 29 December 1967 Using 486 Lags with 
At = 27 Days 
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from 1 Jan 1890 thru 8 Dec 1967 using 162 Lags w i t h A t  = 6 
Figure 4 Smooth Normalized Power Spec t ra  of Daily Zurich Sunspot 
Nu-nbers from 1 January 1890 through 8 December 1967 Using 
486 Lags with A t  = 6. 
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Figure 5a Smooth Normalized Power Spectra of Daily Zurich Sunspot Numbers 
From 1 March 1954 through 1 March 1966 Using 500 Lags w i t h A t  
= 1.  
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Figure 5b Smooth Normalized Power Spec t ra  of Daily Zurich Sunspot Numbers 
From 1 March 1954 through 1 March 1966 using 500 Lags w i t h & = 2  
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